We study the dominant rational maps from a general surface in P 3 to surfaces of general type. We prove restrictions on the target surfaces, and special properties of the rational maps. We show that for a small degree the general surface has no such map. Moreover a slight improvement of a result of Catanese, on the number of moduli of a surface of general type, is also obtained.
Introduction
Let X be a smooth complex projective variety of general type. Let R(X) be the field of rational functions of X. Consider the set of the geometric subfields of R(X), that is:
F(X) = {K : C ⊂ K ⊂ R(X)}.
An element K ∈ F(X) corresponds to a dominant rational map X Y, where Y is a smooth projective variety with K ∼ = R(Y ), up to birational isomorphisms of Y. Consider moreover the subset:
F 0 (X) = {K ∈ F(X) : [R(X) : K] is finite}.
Elements of this subset correspond to generically finite dominant rational maps. We may then define various geometric subsets of F(X), such as:
IS(X) = {R(Y ) ∈ F 0 (X) : Y is of general type}, G(X) = {R(Y ) ∈ F 0 (X) : Y is not rationally connected}.
We call IS(X) the Iitaka-Severi set of X, we denote by s(X) the cardinality of IS(X) and by g(X) the cardinality of G(X).
The recent solution of the Iitaka-Severi conjecture [26, 13, 24] gives that IS(X) is a finite set. In general G(X) is not finite (for instance if X dominates an abelian variety). The problem remains how to compute or at least to estimate the number s(X). We call this the refined Iitaka-Severi problem.
When X is a curve of genus g ≥ 2 effective bounds on s(X) in terms of g are known [15, 25] . In higher dimensions not much is known, but see [11, 14, 21] where upper bounds are given under some geometric restrictions.
If X is a curve, general in moduli, then g(X) = s(X) = 1. This may be proved by counting moduli of maps by means of the Hurwitz formula. The same in fact holds for the general smooth plane curve of degree bigger than 3, or for a general hyperplane section of a regular surface [7, 22] . The proof of these facts may be based on a Hodge-Lefschetz theoretical argument (using monodromy, see [27] , §3.2.3), which implies that the Jacobian of H is simple. So we have two basic methods: a moduli count and a Hodge theoretical argument.
In higher dimensions, we believe the following could be true:
Conjecture. Let X be a very general hypersurface of P n of degree d > n + 1. Then g(X) = s(X) = 1.
The case of curves and the results of Amerik [1] give evidence to the conjecture. In this paper we can prove the following (see 4.2.1):
Theorem. If X is a general surface of P 3 of degree 5 ≤ d ≤ 11 then s(X) = 1.
The proof uses both methods described for the case of curves. Using the Hodge theoretic argument, we obtain restrictions for the target surfaces (see 3.5 
.2):
Theorem. Let X be a general surface of P 3 of degree d ≥ 5. Let Y be a minimal surface of general type, and assume that f : X Y is a dominant rational map. If f is not birational then Y is simply connected of geometric genus p g (Y ) = 0.
Here we mention that the simply connected surfaces of geometric genus p g (Y ) = 0 are known to exist [2, 17] , and moreover they are homeomorphic to rational surfaces, as follows from Friedman's theorem [9] . However the moduli space of these surfaces is still largely unknown.
Then we approach the moduli of rational maps. First we consider the moduli of target surfaces. There is a well known result of Catanese [4, 5] on the moduli of surfaces of general type, for which we propose a new approach based on the Enoki stability [8, 23] , which produces a slight improvement (see 2. 
Y . Then we study the moduli of maps in terms of their ramification. Roughly speaking we associate to a rational map f : X Y the piece of the ramification divisor that is seen on X (not in the exceptional divisor of the resolution of f ). This is a complete intersection curve D on the surface X ⊂ P 3 .
As an outcome of the vanishing p g (Y ) = q(Y ) = 0 we have that a property of Cayley-Bacharach type is enjoyed by the fibers of the rational map, and this in turn implies some estimate for the degree (3.4.1) and the ramification (3.4.3) of the map.
A lower bound for the moduli of the ramification divisor D ⊂ X follows from an argument (2.2.1) which combines the rigidity theorem for rational maps and the bend and break lemma of Mori theory. An upper bound for the moduli of the curve D ⊂ P 3 is obtained in terms of the degree of this complete intersection. Finally all the constraints force the inequality d ≥ 12.
The problem we studied was a good field for the interplay of methods that come from different areas: projective and birational geometry, moduli and stability theory. It is possible that a different approach is necessary in order to settle the above conjecture. One possibility should be to try a degeneration argument. However the results in this paper will be of help (in the surface case), allowing for instance to consider a restricted class of target varieties.
Surfaces of general type
In this section we study the number of moduli of a curve which deforms in a surface of general type, and in the last subsection we study the number of moduli of a surface of general type.
Rigidity
We need the following rigidity theorem for rational maps: This was first proved by Kobayashi-Ochiai [16] , and also follows from the more general statement known as the Iitaka-Severi conjecture, nowdays a theorem in virtue of the recent work of Tsuji [26] , Hacon-McKernan [13] , and Takayama [24] , and the original approach of Maehara [19] . An updated account will be presented in a forthcoming paper [12] .
Bend and break
We prove a lemma which combines the rigidity theorem and the basic idea of Mori theory. Proof. Assume by contradiction that S is of general type. First remark that F is dominant. Take the general point s ∈ S and the general point (t, b) ∈ F −1 (s). We remark that F −1 (s) is a curve on C × B. Fix a general point x ∈ C and consider the rational map F x : B S :
We now show that F x cannot be dominant. Otherwise the rigidity theorem 2.1.1 gives F t = F x for t belonging to a Zariski open subset of B. This implies then F (t, b) = F (x, b), that is the curve C b is contracted to a point. This gives a contradiction.
We have then that F x (B) is a curve and hence there is a curve D on B such that F (x, y) = s for all y ∈ D. The family of curves obtained by restriction of F defines a map G : C × D S such that G(x, y) = s for y ∈ D. Using Mori's trick (see [20] ) it follows that there is a rational curve R ⊂ S passing through s. Then S cannot be of general type.
Modular dimension
A family of curves parametrized by a nonsingular variety U is a surjective morphism q : X → U with 1-dimensional fibers X t = q −1 (t). We assume that X is reduced, in order to avoid multiple components in the general curve.
For a smooth family of connected curves, if g is their common genus, if M g is the moduli space of smooth connected curves of genus g, there is the modular map
, and the dimension of the image of this map is the number of moduli of curves in the family. For an arbitrary family we define the number of moduli as follows.
Assume first that X is irreducible. There is a dominant map k : W → U , a finite morphism of W onto a Zariski open subset of U , and there is a smooth connected family of curves C → W , together with a morphism of families
is the normalization map of X t . This family C → W defines a modular map 
In general, if X = X i is the irreducible decomposition, then by definition the modular dimension of the family is:
A family of curves in a variety Y is a family of curves X → U such that X ⊂ U × Y . Over a Zariski open subset U ′ ⊂ U the family is flat, there is the natural map U ′ → H(Y ) to the Hilbert scheme of Y , sending t → X t , and the dimension of the image of this map is the dimension of the family, we call it f . Remark that in general M (X /U ) ≤ f. We can rewrite the previous proposition: Proposition 2.3.2. Let X /U be a family of curves on a surface of general type, let f be the dimension of the family. Then:
Proof. The fibers of the modular map µ : W → M g define families of curves with constant moduli. In a surface of general type by 2.2.1 they have dimension ≤ 1.
Surface moduli estimate
In this section we prove a bound for the number of moduli M (Y ) of a minimal surface Y of general type, slightly improving a result of Catanese. We shall use the Enoki stability result for the cotangent bundle Ω 1 Y with respect to the canonical bundle
We write by abuse of language L = c 1 (L). Then we have (see [23] and [8] ): 
Therefore 2.4.2 is an immediate consequence of the following:
In the present setting we have:
After saturation of L, we can define an exact sequence:
where M is a line bundle and I θ is the ideal of a zero dimensional scheme θ. We obtain
We have two subcases: (1) h 0 (M ) = 0. In this case using the multiplication
we obtain by Hopf's lemma
We know from base point freeness and 1-connectedness ( [3] , Ch.7 § §5,6) that |3K Y | contains some smooth irreducible curve D, and therefore the strict inequality
holds. In conclusion:
, which has no sections. We can apply Clifford's theorem and 2.4.1 to get:
Assume by contradiction h 0 (L) ≥ 2. Write |L| = F +|H| where F is the fixed part of the system and H is the free part. We have 1
It follows that H 2 is odd and ≥ 0. The Hodge index theorem gives
, which gives a contradiction. Now consider the determinant map c :
. From the assertion above, the kernel of c does not contain any decomposable non trivial element. Otherwise, if s 1 ∧ s 2 = 0 then the two sections define a rank 1 subsheaf 
The estimate in 2.4.2 is a slight improvement, as is easily seen using the Noether inequality.
Surfaces of projective space
We study rational maps from a surface in P 3 to a surface of general type. Under certain special assumptions, we obtain some estimate for the degree of the map and some control of the ramification. In the last subsection we prove that for the general surface the assumptions are indeed verified.
Hurwitz formula
In this section X will be a smooth surface of P 3 of degree d > 4, with Picard group generated by the hyperplane section, Y will be a minimal surface of general type with p g (Y ) = 0, and f : X Y will be a dominant rational map. Consider the diagram of maps
where φ is the blowing up which solves the singularity of f, and h is the morphism which extends f, so that (as rational maps) h • φ −1 = f.
Let E the exceptional divisor of φ : Z → X. We have
The E i are the connected components of E. For all i, the support of E i is a connected chain of rational curves and E 2 i = −1. Let H be the hyperplane divisor of X. Set L = φ * H. Let K X , K Z and K Y be the canonical divisors of X, Z and Y. We have
Since the Néron-Severi group of X is generated by the hyperplane H we have that the Néron-Severi group (=Picard group) of Z is generated by L and the irreducible components E ij of E. Let R ⊂ Z be the ramification divisor of h, and note that E is the ramification of φ. The Hurwitz formulae give (modulo linear equivalence):
Write:
where:
The coefficients a ij and r, s are integers, with r ≥ 0, s ≥ 0 and
We prove the following:
Proof. Write W = A − B where A and B are effective divisors supported on E with disjoint irreducible components, in particular : 
This implies B = 0 since B is contracted by φ. 
Since K 2 Y > 0 we get r > 0. 
Cayley-Bacharach condition
We recall the classical notion of the Cayley-Bacharach condition (see [10] ). A set of distinct points T = {p 1 , . . . , p m−1 , p m } ⊂ P 3 is in Cayley-Bacharach position with respect to O(d) if any surface of degree d passing through any subset of T of cardinality m − 1, must contain also the remaining point. There are many results on points in Cayley-Bacharach position (see [6] ). We will use only the following elementary lemma: 
Trace of holomorphic forms
Let X be a smooth surface of P 3 of degree d ≥ 5. Assume that f : X Y is a generically finite dominant rational map of degree m = deg f . We will use the method of [18] . Any rational correspondence between X and Y, Γ ⊂ X × Y , defines a trace map tr(Γ) : H 2,0 (X) → H 2,0 (Y ) defined by the composition of pull-back and push-down π Y * π * X , where π X : Γ → X and π Y : Γ → Y are induced by the projections. When f : X Y is generically finite, the trace of f tr(f ) :
is associated to the graph of f. Let y be a general point of Y, and assume that f iś etale at y. Set T = {p 1 , . . . , p m } = f −1 (y). Taking a local coordinate z around the point y we define then by pullback coordinates around any point p i ∈ T = f −1 (y). Now if ω ∈ H 2,0 (X) using the parameters defined above as local identification we get the local trace formula:
Assuming that tr(f )(ω) = 0 and that ω vanishes in m − 1 points of T, it follows that ω must vanish in the remaing one. If tr(f ) = 0, and this certainly happens when p g (Y ) = dim H 2,0 (Y ) = 0, then T is in Cayley-Bacharach position with respect to O(d − 4). In particular we have then: 
Degree of maps
We now prove the following: 
If d > 5 and X does not contain rational curves then m ≥ d.
Proof. 1. From 3.2.1 it follows that m > d− 3. Assume by contradiction m = d− 2. By 3.2.1 we still have that the points of a general fiber of f are on a line. Let S k (X) be the k-symmetric product of X and define the rational map Y S d−2 (X), y → f −1 (y). Taking the two residue points of the line which contains f −1 (y) we define a rational map k : Y S 2 (X). The map k is birational onto its image. This follows since generically the two points define the line and then the fiber of f. The main point of [18] is that the image of k cannot define a correspondence between X and Y, since otherwise this also should be a trace null correspondence. The analysis of [18] proves then that Y is birationally isomorphic either to the product of two curves of X or to the 2-symmetric product of a curve in X or else to a rational ruled surface over a curve of X. Since Y is regular (it is dominated by the regular variety X) it would follow that k(Y ) is covered by rational curves: Y is rational, and we obtain a contradiction. We can improve now 3.1.2. 
This forces
In particular we obtain h * L = dK Y . Since d > 6 the general fiber of the map f : X Y is contained in a line. Thus we obtain a surface S in the Grassmannian of lines and a rational map k : Y S birational onto its image. Take a general plane Π. We can assume that Π contains at least a (general) line L of S. Otherwise S should be the variety of lines through some fixed point. In which case Y would be rational.
We can assume that Π intersects X in a smooth curve C not passing through any point of indeterminacy of the map f, and that Π intersects the general fiber of f in just a point. So the map C → f (C) is birational onto its image.
We have now that the genus of C is
. and that the d points of the line L collapse on f (C). Let a be arithmetic genus of f (C). We have
Remark in fact that f (C) is on a surface and has a d−ple point: one gets the bound by taking the blow-up. On the other hand since
That is d 2 ≤ 5d and d ≤ 5.
To outline the importance of the number s we give the following 
General surfaces
For a general surface in P 3 all the assumptions required for the results in the present section are indeed satisfied. We start by collecting some well known fact: iii) (Xu) The surface X does not contain any rational or elliptic curve.
iv) The only birational automorphism of X is the identity.
Proof. (i) follows from (ii), and for (ii) see Voisin [27] , §3.2.3. (iii) is proved in [28] , and (iv) is really easy.
We apply this to obtain: 
is an isomorphism. It follows that the canonical map of X factorizes (rationally) through f. When d > 4 the canonical map is an embedding. It would follow that f is a birational map, and give a contradiction.
2. Let ρ : W → Y be the universal covering of Y . Consider diagram (1) , in which f is extended to a morphism h on the blowing up Z. Since Z is simply connected we may lift h to a holomorphic map g : Z → W. It follows that g is surjective, W is projective and the fundamental group of Y is finite. Since the deck transformations of ρ : W → Y give automorphisms of W, and X has only the trivial birational automorphism it follows deg(g) > 1. Then X dominates (rationally) W. Using the first part of the proposition we get p g (W ) = 0. Since q(Y ) = q(W ) = 0 we also obtain:
We have denoted by χ the holomorphic Euler characteristic. The proportionality theorem for the holomorphic Euler characteristic gives
that is deg(ρ) = 1, that is the fundamental group of Y is zero.
Remark 3.5.3. A similar proposition holds for the general hypersurface of P n of degree > n + 1.
Families of rational maps
We consider a family of rational maps from surfaces in P 3 to surfaces of general type, and we study the number of moduli of the ramification divisors. In the final subsection we prove our main result, that for small degree the general surface has no such map.
Families and moduli
From now on X will be a general smooth surface of P 3 of degree d ≥ 5, Y will be a simply connected minimal surface of general type with p g (Y ) = 0. We also assume that f : X Y is a dominant rational map of degree m. The resolution of indeterminacy of f is given in diagram (1). Moreover we would like to consider a family of such mappings.
Let U be a smooth base variety and p ∈ U be a general point. Assume we are given a smooth family q 1 : X → U with X ⊂ U × P 3 , and smooth projective families q 2 : Z → U and q 3 : Y → U, and a diagram of families
such that Φ is birational and H is generically finite and dominant. Moreover at the given point p the diagram of families specializes to diagram (1) relative to the map f . Thus we have defined a family of rational maps
We have now the moduli space M d of smooth surfaces of degree d in P 3 , and also the connected component N of the moduli space of surfaces of general type with invariants χ(Y ) and K 2 Y , which contains all points [Y t = q −1
Consider the modular maps:
We assume that µ is generically finite and dominant,
Let R t ⊂ Z t be the ramification divisor of H t . Define B t ⊂ Y t to be the reduced branch divisor, the support of the divisor H t * (R t ). Define moreover D t ⊂ X t to be the support of the divisor Φ t * (R t ), the part of the ramification that appears in X t . These are algebraic families of curves. Let R ⊂ Z be the relative divisor over U whose fibres are the ramification divisors R t . Let B ⊂ Y be the total space of the family B t , and let D ⊂ X be the total space of D t . Here B and D are reduced. Since X t is a general surface of P 3 , then D t is a complete intersection curve, by 3.5.1 i). Moreover generically any component of D t has geometric genus > 1, by 3.5.1 iii).
We can write formulas (3) and (4)
Note that the birational index s is invariant in the family. We have s + r = d − 4. It follows that D t is a complete intersection of type (d, s ′ ) where s ′ ≤ s.
We are going to study the modular dimension of this family D t , as defined in 2.3.1. An upper bound follows from considering this as a family of complete intersection curves in P 3 .
Define The case s ′ = 0 is trivial and s ′ = 1 is similar to the case s ′ > 1. So assume s ′ > 1.
Let H(d, s ′ ) be the Hilbert scheme of complete intersection curves in P 3 of type (d, s ′ ). By acting with the projective group G we find a family of curves gC z of P 3 and this defines a morphism W × G → H(d, s ′ ), let W be the image of this morphism, and consider the modular map µ : W → M g . Since g > 1, no continuous family of automorphisms can fix a curve C z . It follows that dim µ( W ) ≤ dim W −15. Therefore we have: On the other hand, a lower bound for the modular dimension comes from the bend and break lemma. By covering theory, the map t → B t from Γ to the Hilbert scheme of Y is generically finite onto its image (since so is the map U → M d in our assumptions). So the branch loci B t , t ∈ Γ, form a family of curves in Y of dimension f. It follows from 2.3.2 that the modular dimension of this family is M (B Γ /Γ) ≥ f − 1. A fortiori the family of ramification divisors R t , t ∈ Γ, has modular dimension M (R Γ /Γ) ≥ M (B Γ /Γ) ≥ f − 1. 
